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We systematically construct flatbands for tight-binding models on simple Bravais lattices in space
dimension d ≥ 2 in the presence of a static uniform DC field. Commensurate DC field directions
yield irreducible Wannier-Stark bands in perpendicular dimension d − 1 with d-dimensional eigen-
functions. The irreducible bands turn into dispersionless flatbands in the absence of nearest neighbor
hoppings between lattice sites in any direction perpendicular to the DC field one. The number of
commensurate directions which yield flatbands is of measure one. We arrive at a complete halt
of transport, with the DC field prohibiting transport along the field direction, and the flatbands
prohibiting transport in all perpendicular directions as well. The anisotropic flatband eigenstates
are localizing at least factorially (faster than exponential).
I. INTRODUCTION
Systems with macroscopic degeneracies have been at-
tracting attention due to their high sensitivity to weak
perturbations, making them an ideal platform to study
effects of perturbations and search for unconventional
and exotic phases. One class of systems with macro-
scopic degeneracies are flatband (FB) systems [1–4]. FBs
are dispersionless energy bands of translational invariant
tight-binding networks which occur due to destructive
interference. In the past decades flatband systems have
been widely studied both theoretically and experimen-
tally with realizations in 1D, 2D and 3D setups [2–4].
Flatbands are by the very definition macroscopically de-
generate and highly sensitive to perturbations. Different
perturbations lead to different phenomena such as un-
conventional Anderson localization in presence of disor-
der [5–10], the appearance of compact breathers in pres-
ence of nonlinearity [8, 11–18], flatband ferromagnetism
in Hubbard model [19–23], Landau-Zener-Bloch oscilla-
tions in external d.c. field [24, 25], enhanced superfluid-
ity in presence of attractive interaction [26–28], enhanced
superconductivity [29] etc.
All these phenomena originate from perturbations lift-
ing the macroscopic degeneracy and breaking the de-
structive interference, which is at the origin of flat-
bands. Appearance of destructive interference requires
either fine-tuning or symmetries, that enforce the in-
terference [30]. A marked feature of FB models with
short-range hopping are strictly compact eigenstates,
called compact localized states (CLS) [31]. Their presence
greatly simplifies the analysis of the FB models [32, 33],
and can be used as a foundation for their systematic clas-
sification [34–37].
In this work we analyze models with applied DC fields
that do not fit into the above picture: they do not need
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fine-tuning to achieve band flatness, and the FB eigen-
states cannot be arranged into CLS. Applying a static
field to a 1D tightbinding chain leads to the appearance
of a Wannier-Stark (WS) ladder of equidistant eigenen-
ergies for the spectrum of the chain, with all eigenstates
being localized, and the dynamics of observables in gen-
eral displaying time-periodic Bloch oscillations [38]. The
quest for nontrivial states in higher dimensional lattices
with magnetic and electric fields resulted in the observa-
tion of flatbands for a square lattice for certain electric
field directions [39]. Similar dispersionless features were
later identified for a rectangular lattice [40, 41]. Here we
present a systematic construction of WS flatbands for the
five two-dimensional Bravais lattices: oblique, rectangu-
lar, centered rectangular, triangular, and square lattices.
We obtain the dependence of the band structure of the
static field direction, analyze the localization properties
of the flatband eigenstates and demonstrate that unlike
conventional FB systems which host CLS, WS flatband
states cannot host CLS and are at least factorially local-
ized instead. We then generalize these results to higher
lattice dimensions and discuss the impact of longer-range
hoppings.
The paper is organized as follows: Sec. II introduces
the model for two-dimensional lattices and the definitions
that are used later in Sec. III to derive the band struc-
ture of the models for different directions of the field.
Conditions for the bands flatness are also discussed in
the same Sec. III, while the eigenstates are analyzed in
Sec. IV. We extend our analysis to higher lattice dimen-
sions in Sec. V. We conclude with a summary and open
issues.
II. SETTING THE STAGE
We consider a two dimensional Bravais lattice:
~rnm = naˆ0 +maˆ1, (1)
where aˆ0,1 are the lattice basis vectors and (n,m) are the
translation indices of the lattice point. The vectors need
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2FIG. 1. Schematics of the five two-dimensional Bravais lat-
tices with nearest neighbor hoppings: (a) square; (b) triangu-
lar; (c) rectangular; (d) centered rectangular; (e) oblique. t1,
t2 are the hopping strengths.
not be orthogonal, for example in the case of the trian-
gular lattice, and can be expressed in terms of Euclidean
basis vectors (eˆ0, eˆ1) as
aˆ0 = γ0eˆ0, aˆ1 = γ1(cos θ eˆ0 + sin θ eˆ1) . (2)
Here 0 < θ ≤ pi/2 is a tilting angle of the axis, and γ0,1
are the lengths of the basis vectors of the lattice unit cell.
For square and triangular lattice γ0 = γ1, for all the other
cases—oblique, rectangular and centered rectangular—
they are not equal. For rectangular and square lattices
θ = pi2 , for triangular lattice θ =
pi
3 , and for oblique and
centered rectangular lattices θ can take any value except
pi
2 and
pi
3 .
Next we define a tight-binding Hamiltonian on the lat-
tice in the presence of a static d.c. field ~E :
H =
∑
n,m
[
−
∑
l,j
tlj |n− l,m− j〉 〈n,m|
+ ~E · ~rnm |n,m〉 〈n,m|
]
, (3)
which acts on the Hilbert space spanned by the basis
vectors {|n,m〉: (n,m) ∈ Z×Z}. The indices l, j denote
the hopping range.
Our main goal is to compute and analyze the spectrum
of this Hamiltonian. Because of the presence of the d.c.
field, discrete translation invariance is in general broken
and we do not expect any eigenenergy band structure.
However the character of the spectrum depends on the
direction of the d.c. field, which we set to
~E = F~n‖ = F (xaˆ0 + yaˆ1)|xaˆ0 + yaˆ1| . (4)
FIG. 2. Pictorial representation of the two coordinate sys-
tems for the square lattice: (n,m) shown as numbers within
parenthesis (green color) and (z, w) shown as numbers within
square brackets (blue color). The unit cell is the green shaded
area formed by the vertices: {n = 1, 2;m = 2, 3}. The direc-
tion of the d.c. field is (x, y) = (2, 1) along the z axis. The red
solid and red dashed lines represent, respectively, the lines of
constant w and z.
Here F is the strength of the field and x, y ∈ R. Then
parallel and perpendicular directions to the field are en-
coded by the respective unit vectors
~n‖ =
(xγ0 + yγ1 cos θ)eˆ0 + (yγ1 sin θ)eˆ1√
γ20x
2 + γ21y
2 + 2γ0γ1xy cos θ
,
~n⊥ =
(yγ1 sin θ)eˆ0 − (xγ0 + yγ1 cos θ)eˆ1√
γ20x
2 + γ21y
2 + 2γ0γ1xy cos θ
. (5)
We choose the direction of the field such that ~n⊥ is paral-
lel to one of the lattice vectors p1aˆ0+p2aˆ1 with p1, p2 ∈ Z.
This ensures that the translational invariance of the lat-
tice persists in the perpendicular direction ~n⊥, albeit
with a different lattice spacing than the original lattice.
In what follows we coin such field directions as commen-
surate directions. They ensure the existence of a 1D band
structure in the spectrum of the model. Commensurate
field directions constrain the possible values of x, y and
θ to either of the two possibilities{
|xγ0| = |yγ1| and xy , γ0γ1 are rational
cos θ = − p1xγ20+p2yγ21(p2x+p1y)γ0γ1
(6)
as discussed in Appendix A.
In order to diagonalize the Hamiltonian (3) we exploit
the partial translation invariance and introduce a new
rotated coordinate system: the z coordinate along the
3d.c. field, and the w coordinate perpendicular to the d.c.
field that we define as follows
z = α
√
γ20x
2 + γ21y
2 + 2γ0γ1xy cos θ ~rnm · ~n‖
= nxα +myα, (7a)
w = β
√
γ20x
2 + γ21y
2 + 2γ0γ1xy cos θ ~rnm · ~n⊥
= ny −mx, (7b)
with
xα = α(xγ
2
0 + yγ0γ1 cos θ), (8a)
yα = α(xγ0γ1 cos θ + γ
2
1y), (8b)
and β = (γ0γ1 sin θ)
−1. For any commensurate field di-
rection there exists a value of the coefficient α such that
both xα, yα become mutually prime integers (as can be
directly verified by computing the ratio yα/xα using the
conditions (6), see Appendix B). Then we can parame-
terize the new coordinates as
(z, w) = (z, w0(z) + η(xxα + yyα)), z, η ∈ Z. (9)
with a function w0(z), see Appendix B for details. Finally
we note that for any co-prime (x, y) (as happens for any
d.c. field commensurate direction on a square lattice) the
distances ∆z and ∆w in real space covered by changing
respectively, z to z + 1 and η to η + 1, amount to
∆z =
√
γ20x
2 + γ21y
2 + 2γ0γ1xy cos θ,
∆w =
α
β
√
γ20x
2 + γ21y
2 + 2γ0γ1xy cos θ. (10)
III. THE 2D SPECTRUM
The convenience of the z, w basis is that now the par-
tial translation invariance of the Hamiltonian H (3) in
the direction perpendicular to the field is made explicit:
H =
∑
(z,w)
(
Fz |z, w〉 〈z, w|
−
∑
l,j
tlj |z − lxα − jyα, w − ly + jx〉 〈z, w|
)
. (11)
In the above we have also defined
F = F
α
√
γ20x
2 + γ21y
2 + 2γ0γ1xy cos θ
. (12)
The Hamiltonian is invariant under the shifts w → w′,
but not under the shifts z → z′. Therefore we can apply
the Bloch’s theorem in the direction perpendicular to the
field. For that we define a complete orthonormal set of
basis vectors
|φ(z, k)〉 = |z〉 ⊗
∑
η∈Z
eikη |w0(z) + η(xxα + yyα)〉 , (13)
〈φ(z′, k′)|φ(z, k)〉 = 2piδz,z′δ(k − k′),
where z ∈ Z and k ∈ [0, 2pi), the quasi-momentum in the
direction perpendicular to the field. Then the action of
the Hamiltonian H in Eq. (3) on a basis vector is given
by
H |φ(z, k)〉 = Fz |φ(z, k)〉−
−
∑
l,j
tlj e
iklj |φ(z − lxα − jyα, k)〉 , (14)
lj = −(jτ2 − lτ1 − jτ1u),
where we have used Eq. (B7) to simplify the expression.
The Hamiltonian does not couple different values of k and
the basis states (13) for fixed k form invariant subspaces
of the Hamiltonian. Therefore we can use the following
ansatz for the eigenstates of H:
|ψE(k)〉 =
∑
z
ψE(z, k) |φ(z, k)〉 (15)
which correspond to an eigenvalue E. The eigenvalue is
a function of the quasi-momentum k:
H |ψE(k)〉 = E |ψE(k)〉 . (16)
A. Generating function method
Using Eq. (14) we write the eigenproblem
(Fz − E)ψE(z, k) =
∑
l,j
tlj e
ikljψE(z + lxα + jyα, k)
(17)
and solve it by introducing a generating function
gE(q, k) =
∑
z∈Z
e−iqzψE(z, k), (18)
gE(q + 2pi, k) = gE(q, k + 2pi) = gE(q, k). (19)
For the generating function gE(q, k) the eigenproblem
Eq. (17) transforms into an ordinary differential equa-
tion
iF ∂
∂q
gE(q, k)− EgE(q, k) = (20)∑
l,j
tlje
ikljeiq(lxα+jyα)gE(q, k).
This equation can be solved for any pair of (E, k). The
solutions are not periodic functions in q for generic E, k.
The periodicity in q requirement from Eq. (19) imposes
a dispersion relation of WS bands between E and k.
For simplicity we assume that the hopping networks on
each of the five Bravais lattices respect inversion symme-
try :
tl,j = t−l,−j ∀ j, l. (21)
4Then defining λE = E/F , slj = tlj/F we arrive at
∂ ln[gE(q, k)]
∂q
= −iλE − i
∑
l,j
slj cos[klj + q(lxα + jyα)].
(22)
This differential equation can be easily integrated, and
we discuss in the next section the possible solutions.
B. Flatbands and Dispersive Bands
The set of commensurate field directions splits into a
subset of flatband directions and the complementary sub-
set of dispersive directions. All flatband directions satisfy
the condition
lxα + jyα 6= 0 , for all l, j . (23)
This condition is equivalent to requesting the absence of
any direct hopping connection between two lattice sites
perpendicular to the chosen commensurate field direction
in Eq. (11). Indeed, for this case the solution of Eq. (22)
reads as
gE(q, k) = A(k)e
−iλEq (24)
exp
−i∑
l,j
slj
lxα + jyα
sin[klj + q(lxα + jyα)]
 .
Enforcing 2pi-periodicity of gE in q results in
λE = a ∈ Z⇒ Ek = Fa, (25)
i.e., all bands are flat, equidistant, and labeled by an
integer index a.
For a dispersive field direction lxα + jyα = 0 for at
least one pair (l = l′, j = j′). It follows
gE(q, k) = A(k)× (26)
exp
−i{λE +∑
l′,j′
sl′j′ cos[kl′j′ ]}q
×
exp
−i ∑
l,j 6=l′,j′
slj
lxα + jyα
sin[klj + q(lxα + jyα)]
 .
Again enforcing the 2pi-periodicity of gE in q we get:
λE +
∑
l′,j′
sl′j′ cos[kl′j′ ] = a ∈ Z,
⇒ E = Fa−
∑
l′,j′
tl′j′ cos[kl′j′ ]. (27)
All bands turn dispersive, equidistant and labeled by an
integer index a. For both cases the band gap between
two consecutive energy bands is equal to F for any k.
The prefactor A(k) is periodic in k: A(k) = A(k + 2pi).
It is instructive to observe that the DC field strength
enters completely additive in the dispersion relation (27),
leaving the irreducible E(k) dependence invariant. Also
for any short-range network the number of flatband di-
rections is infinite, while the number of dispersive ones is
always finite and equals to the number of hopping con-
nections on the network. Adding more hoppings to a
given Bravais lattice network will add more dispersive
field directions on the expense of the flatband directions.
In the limiting case of connecting all sites with all (even
though the hopping strength may decrease in a suitable
way with increasing distance between sites) will eliminate
all flatband directions and leave us with dispersive field
directions only.
IV. LOCALIZATION OF 2D FLATBAND
EIGENSTATES
We next turn to the analysis of the eigenstates of the
Wannier-Stark flatbands. Flatbands enjoy macroscopic
degeneracy as there is no unique choice of the eigenstate
basis. Eigenstates of flatbands in short-range transla-
tionally invariant Hamiltonians can be typically arranged
into compact localized states [2, 31]. We note that in such
translationally invariant cases the number of eigenstates
of one flatband equals the embedding space dimension
of its eigenvectors. For WS flatbands the situation dif-
fers, as the embedding space dimension for eigenvectors
is infinitely larger than the number of eigenstates of one
flatband. It appears impossible to assemble a linear com-
bination of WS flatband eigenstates which turns compact
in real space. Indeed, let us assume that a compact lo-
calized state does exist. Then the generating function
g(q, k) can be expanded into a double Fourier series with
a finite number of components in both q and k. This
contradicts the general solution obtained in Eq. (24).
Therefore compact localized states are ruled out—see
Appendix E for details. What is then the best local-
ization which can be achieved with WS flatbands?
Let us attempt to identify the most localized eigen-
states. The eigenstates are extracted from the generating
function gE(q, k) for a fixed band a. We set a = 0 and
E = 0 without loss of generality. Using the property of
the Bessel function of first kind
eiµ sin ξ =
∑
ν∈Z
Jν(µ)e
iνξ (28)
we can express the generating function as
g(q, k) = A(k)
∏
(l,j)∈R
∑
ν(l,j)∈Z
Jν(l,j)
(
− 2slj
lxα + jyα
)
×eiν(l,j)[klj+qlxα+qjyα]
=
∑
{ν∈Z}
 ∏
(l,j)∈R
Jν(l,j)
(
− 2slj
lxα + jyα
)
×ei
∑
(l,j)∈R ν(l,j)[klj+qlxα+qjyα], (29)
5where R denotes the set of the hoppings l, j up to the in-
version/reflection symmetry (21), e.g. for nearest neigh-
bor (n.n.) hopping these sets are {(1, 0), (0, 1), (1,−1)}
and {(1, 0), (0, 1)}, respectively, in the case of triangular
or centered rectangular lattices and all the other lattices.
In this case ν denotes the set of all possible integers ν(l,j)
for all the hoppings (l, j) ∈ R. Next we write the flat-
band basis states in the z, k representation
|ψ(k)〉 = A(k)
∑
z∈Z
1
2pi
∫ 2pi
q=0
gE(q, k)e
iqzdq |φ(z, k)〉 .
(30)
It follows
|ψ(k)〉 =A(k)
∑
z∈Z
∑
{ν∈Z}
 ∏
(l,j)∈R
Jν(l,j)
(
− 2slj
lxα + jyα
)
× exp
ik ∑
(l,j)∈R
ν(l,j)lj
 |φ(z, k)〉 (31)
subject to the constraint∑
(l,j)∈R
ν
(l,j)
(lxα + jyα) = −z . (32)
Because the Wannier-Stark band is flat any linear com-
bination of the basis vectors (31)
|Φ〉 =
∫ 2pi
k=0
ck |ψ(k)〉 dk (33)
is an eigenstate of the Hamiltonian H (3). Let us choose
ck = [2piA(k)]
−1 to remove the normalization factor. It
follows
|Φ〉 =
∑
z∈Z
∑
η∈Z
∏
(l,j)∈R
 ∑
ν(l,j)∈Z
Jν(l,j)
(
− 2slj
lxα + jyα
)
|z〉 ⊗ |w0(z) + η(xxα + yyα)〉 (34)
subject to the constraints∑
(l,j)∈R
ν(l,j)(lxα + jyα) = −z,
∑
(l,j)∈R
ν(l,j)lj = −η.
(35)
For the five Bravais lattices with n.n. hopping and ei-
ther four or six n.n. neighbors the above generic expres-
sions can be further simplified. The case of four nearest
neighbors—square, oblique and rectangular lattices, the
real space wavefunction is given by products of pairs of
Bessel functions
|Φ〉 =
∑
(n,m)∈Z2
Jm
(
2s0,1
yα
)
Jn
(
2s1,0
xα
)
|n,m〉 . (36)
The eigenfunctions on triangular and centered rectangu-
lar lattices are given by sums over products of triplets of
Bessel functions:
|Φ〉 =
∑
(n,m)∈Z2
∑
ν∈Z
Jν
(
− 2s1,−1
xα − yα
)
× Jm−ν
(
2s0,1
yα
)
Jn+ν
(
2s1,0
xα
)
|n,m〉 . (37)
The details of the derivations are given in Appendix D.
We are interested in the decay properties of the above
wave functions along and perpendicular to the field direc-
tion. Recall the asymptotics of Bessel functions Jν(t) ∼
1
|ν|!
∣∣ t
2
∣∣|ν| for large order integer |ν|. Since the above wave
functions involve products of Bessel functions, we con-
clude that the spatial decay will be at least factorial 1/r!
in any lattice direction, which is faster than any exponen-
tial decay. Let us consider the square lattice with s = t/F
and t the nearest hopping strength. From Eq. (10) it fol-
lows
Φ(z = 0, w = ζ∆w) = J−ζx
(
2s
y
)
Jζy
(
2s
x
)
, (38)
Φ(z = ζ∆z, w = 0) = Jζy
(
2s
y
)
Jζx
(
2s
x
)
, (39)
with ζ ∈ Z. We therefore arrive at the wavefunction
asymptotics for |ζ| → ∞
|Φ(z = 0, w = ζ∆w)| ≈ 1|ζx|!|ζy|!
∣∣∣∣ |s||x|+|y||y||x||x||y|
∣∣∣∣|ζ| , (40)
|Φ(z = ζ∆z, w = 0)| ≈ 1|ζx|!|ζy|!
∣∣∣∣ |s||x|+|y||y||y||x||x|
∣∣∣∣|ζ| , (41)
|Φ (z = 0, w = ζ∆w)|
|Φ (z = ζ∆z, w = 0)| ≈
(∣∣∣∣xy
∣∣∣∣|x|−|y|
)|ζ|
. (42)
Since ∆w = ∆z and for nonzero integers |x| 6= |y| the
term |x/y||x|−|y| > 1, the flatband eigenstates always de-
cay faster along the field direction as compared to the
perpendicular one. The only exception is |x| = |y| = 1
for which the decay in both directions is the same.
We plot the wave function profile for the square lat-
tice and field direction x = 2, y = 1 in Fig. 3(a) in log-
linear scale. The wavefunction decays faster along the
field direction than in the perpendicular one. The inset
shows that the gradient is monotonically decreasing as a
function of position for both directions, i.e., the decay is
faster than exponential (for exponential decay it would
be a step-function around the origin).
We analyzed numerically a similar case for the triangu-
lar lattice, which is shown in Fig. 3(b). The field direction
is again x = 2, y = 1. Again we observe that the wave-
function is decaying faster along the field direction than
in the perpendicular one, and in both directions faster
than exponential (see inset). We therefore expect that
6(a)
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FIG. 3. Absolute values of the probability amplitude |Φ(z, w)|
for (a) square lattice, (b) triangular lattice—as a function
of z or w positions in log-linear scale. The static field is
along (x, y) = (2, 1) direction. Insets are the gradients of
log10(|Φ(z, w)|) with respect to z or w. The position-ticks are
scaled according to the physical distances.
other Bravais lattices and commensurate field directions
will yield similar localization properties of flatband eigen-
states. It appears reasonable that the decay in the per-
pendicular direction is slower than in the field direction,
as the onsite energies of the original lattice vary linearly
with distance along the field direction as opposed to the
perpendicular one.
V. DIMENSION d ≥ 3
It is straightforward to observe that we can define com-
mensurate field directions for higher d-dimensional Bra-
vais lattice in the same way: choose any two points on the
lattice separated by a finite distance, then the connecting
line corresponds to an allowed perpendicular direction.
In this case the quasimomentum along the perpendicular
direction k will be replaced by a d−1 dimensional vector
~k in the generating function in Eq. (18) keeping the 2pi-
periodicity of the generating function with respect to q:
gE(q + 2pi,~k) = gE(q,~k). The differential equation (22)
will remain similar after replacing k by ~k. In the absence
of hopping connections along the perpendicular direction,
the solution of the differential equation (22) turns
gE(q,~k) = A(~k)e
−iλEqe−if(q,~k) (43)
where A(~k) and f(q,~k) are periodic functions of ~k
and q, and λE = E/F . Therefore, similar to the
two-dimensional case, the periodicity condition gE(q +
2pi,~k) = gE(q,~k) implies λE takes all possible integer val-
ues, and hence the entire spectrum degenerates into an
infinite set of Wannier-Stark flatbands. In the presence
of hopping connections along the chosen perpendicular
direction, the bands will acquire nonzero dispersion.
For all commensurate field directions each band is char-
acterized by (d−1)-dimensional wavevectors ~k, while the
wavefunctions are embedded into a d-dimensional space.
We expect that flatband eigenstates will be localizing
faster than exponential in all directions, and slower in
the perpendicular directions as compared to the field di-
rection.
VI. DISCUSSION AND CONCLUSIONS
We considered the impact of a d.c. field on the spectra
of tight-binding models on d-dimensional Bravais lattices.
For commensurate field directions (for which the perpen-
dicular direction is parallel to some lattice vector) the
spectrum consists of an infinite number of equidistant
(d− 1)-dimensional bands. A finite number of commen-
surate directions yields dispersive bands. The remaining
infinite set of commensurate directions leads to disper-
sionless Wannier-Stark flatbands. The flatband wave-
functions are embedded in a d-dimensional vector space,
and cease to form compact localized states, which is the
usual scenario for translationally invariant lattices with
short-range hoppings. As a result, Wannier-Stark flat-
band eigenfunctions decay factorially in space, and typ-
ically faster along the field direction than perpendicular
to it.
Our results are applicable for ultracold atoms in op-
tical lattices where the electric field is substituted by a
tilt of the lattice in the gravitational field [42] or accel-
eration of the whole lattice. [43] Notably the same type
of perturbations can be arranged in optical waveguide
arrays where the electric field is modeled by a curved
geometry of the waveguides. [44] In both cases experi-
mental platforms for two-dimensional settings have been
developed. Such experiments can test the sensitivity of
choosing commensurate field directions, the existence of
flatband field directions, and the factorial localization of
flatband eigenstates.
7Some open issues for Wannier-Stark flatbands on Bra-
vais lattices concern their fate in the presence of per-
turbations, such as disorder, magnetic fields, and many-
body interactions. An even more involved issue concerns
non-Bravais lattices which involve more than one lattice
site per unit cell. The generating function approach will
again lead to a Wannier Stark ladder of an irreducible
band structure, now consisting of several bands. Can
some of these bands be tuned to become flat? A positive
answer exists for some chiral lattices, which transport the
chiral symmetry into the generating function and the ir-
reducible band structure. [45] Similar to translationally
invariant chiral flatbands [30] the irreducible Wannier-
Stark band structure will contain a chiral flatband. The
eigenfunctions will be non-compact as in the Bravais lat-
tice case. At variance to the Bravais case they were ob-
served to localize only exponentially [45], perhaps due to
the presence of other dispersive nonflat bands in the ir-
reducible spectrum. Can we finetune non-Bravais lattice
hoppings such that the irreducible Wannier-Stark band
structure turns one, or several, or even all, bands flat –
without imposing a symmetry like the chiral one? We
think these are exciting questions for future research.
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Appendix A: Commensurate field directions
A commensurate field direction is defined by requiring
that the direction perpendicular to the d.c. field
~n⊥ ∝ −yγ1 sin θeˆ0 + (xγ0 + yγ1 cos θ)eˆ1
is parallel to some lattice vector indexed by p1, p2 ∈ Z:
p1aˆ0 + p2aˆ1 = (p1γ0 + p2γ1 cos θ)eˆ0 + p2γ1 sin θeˆ1.
The condition of these two vectors being parallel reads
(p1γ0 + p2γ1 cos θ)
−yγ1 sin θ =
p2γ1 sin θ
xγ0 + yγ1 cos θ
,
and can be rewritten as
(p1xγ
2
0 + p2yγ
2
1) = −(p1y + p2x)γ0γ1 cos θ.
This implies that either of the following conditions on x
and y hold:
1. p1y + p2x = p2yγ
2
1 + p1xγ
2
0 = 0 implying
p1
p2
= −x
y
= −yγ
2
1
xγ20
.
From the above it follows that both xy and
γ1
γ0
are
rational, and |xγ0| = |yγ1|.
2. p1y + p2x 6= 0 implying
cos θ = − p2yγ
2
1 + p1xγ
2
0
(p1y + p2x)γ0γ1
.
Appendix B: Parametrization of the rotated
coordinates z, w in 2D
In the main text, Eq. (7), we defined our new coordi-
nates as
z = nxα +myα, w = ny −mx, (B1)
where xα and yα were defined as
xα = α(xγ
2
0 + yγ0γ1 cos θ),
yα = α(xγ0γ1 cos θ + yγ
2
1). (B2)
The conditions for a commensurate field direction given
by Eq. (6) imply the existence of a rescaling parameter
α 6= 0 for which xα and yα are integers, i.e., either xαyα =
0 or xα/yα is rational.
Plugging the first condition given by Eq. (6) in
Eq. (B2) we get
xα = αxγ
2
0(1± cos θ), yα = αyγ1(1± cos θ)
⇒ xα
yα
=± γ0
γ1
. (B3)
and xαyα is rational since
γ0
γ1
is rational.
Putting the second condition of Eq. (6)) in Eq. (B2)
we find
xα = α
[
xγ20 − y
p2yγ
2
1 + p1xγ
2
0
(p1y + p2x)
]
,
yα = α
[
yγ21 − x
p2yγ
2
1 + p1xγ
2
0
(p1y + p2x)
]
.
After some simple algebra one arrives at the required
result:
xα
yα
= −p2
p1
For xαyα 6= 0 we absorb gcd(xα, yα) in α to make xα,
yα coprime for the convenience of our analysis. In the
case xαyα = 0, we can choose either xα = 1 while yα = 0
or yα = 1 while xα = 0.
Therefore z is integer for all (n,m) ∈ Z × Z. On the
other hand w takes discrete values, that are not neces-
sarily integer or can not be made integer by rescaling of
w = ny − mx by a constant factor, since x/y is not a
rational number in general. Let us denote the set of all
possible pairs (z, w) by S and construct its parametrisa-
tion. We show that z can take any integer value, and we
can parameterize w for a fixed value of z. As mentioned
before either xαyα = 0 (for which we can make either
8xα = 1 or yα = 1) or, xα and yα are mutually prime. We
can write
yα = xαu+ r ⇒ z = (n+mu)xα +mr, (B4)
where r, u ∈ Z, 0 ≤ r < xα, and |r| = 0, 1 or a nondi-
visor of xα. For fixed z, we pick one lattice point, that
corresponds to z, w0(z), and is indexed by (n0,m0)
n0 = −τ1uλ+ τ2λ, m0 = τ1λ, (B5)
with τ1, τ2, λ ∈ Z. Using Eqs. (B4) and (B5), we can
write z of Eq. (7) as
z = λ(τ1r + τ2xα). (B6)
According to Be´zout’s identity from number theory [46]
there is always a choice of τ1, τ2 such that
τ1r + τ2xα = 1. (B7)
This implies z = λ and it takes any integer value. The
values of τ1, τ2 can be determined for example using the
Euclidean division algorithm [47]. Note that despite the
fact that the choice of τ1, τ2 is not unique, the condition
(B7) remains unchanged under the simultaneous change
of τ1 by τ1 − pxα and τ2 by τ2 + pr, where p can be any
integer. The corresponding value of the perpendicular
coordinate is
w0(z) = n0y −m0x = λ(τ2y − τ1x− τ1uy). (B8)
For a given integer value of z all the other values of w
are generated by simultaneous sifts of n from n0 and m
from m0 by the following way
n = n0 + ηyα, m = m0 − ηxα, η ∈ Z
w = ny −mx = w0(z) + η(yαy + xαx) . (B9)
Therefore the entire set S of valid lattice points is param-
eterized as [48]
(z, w) = (z, w0(z) + η(xxα + yyα)), z, η ∈ Z. (B10)
We use the parametrisation (B10) in the main text. In
the following we provide the values of parameters τ1, τ2, u
for some special cases.
(i) if yα = 0, xα = 1, then u = 0, τ1 = 0, τ2 = 1.
(ii) if xα = 0, yα = 1, then u = 0, τ2 = 0, τ1 = 1.
(iii) if xα = ±yα, yα = 1, then u = ±1, τ2 = 1, τ1 = 0.
For some simple cases we can even guess restrictions on
the set S. For example, when x, y are integers the set S
is only a subset of Z × Z and does not contain all of its
elements. One can check that by simply looking at the
square lattice case, where z = nx + my, w = ny −mx.
In that case for the field direction x = 2, y = 1 the point
(z, w) = (0, 1) does not exist in the original lattice since
it corresponds to fractional indices (n,m) = (1/5,−2/5).
Appendix C: The action of H on basis states |φ(z, k)〉
for the 2D system
We use the identities:
∆w := (xxα + yyα), τ1yα − τ1uxα + τ2xα = 1.
The action of the Hamiltonian on the basis vector is given
by:
H |φ(z, k)〉 = Fz |φ(z, k)〉 −
∑
lj
tlj |z − lxα − jyα〉
⊗
∑
η
eikη |w0(z) + η∆w − ly + jx〉
In the right-hand side of the above equation the w coor-
dinate value is
w0(z) + η∆w − ly + jx
= λ(τ2y − τ1x− τ1uy) + η∆w − ly + jx
= (λ− lxα − jyα)(τ2y − τ1x− τ1uy)
+ (lxα + jyα)(τ2y − τ1x− τ1uy) + η∆w − ly + jx
= w0(z − lxα − jyα) + η′∆w
with
η′ = η +
l
∆w
[τ2yxα − τ1xxα − τ1uyxα − y]
+
j
∆w
[τ2yyα − τ1xyα − τ1uyyα + x]
= η − τ1l + τ2j − τ1uj = η − lj ,
where we have defined
lj = −(τ2j − τ1l − τ1uj).
Then∑
lj
tlj |z − lxα − jyα〉 ⊗
∑
η
eikη |w0(z) + η∆w − ly + jx〉
=
∑
lj
tlj |z − lxα − jyα〉
⊗
∑
η′
eikη
′
e−ik(τ2j−τ1l−τ1uj) |w0(z − lxα − jyα) + η′∆w〉
=
∑
lj
tlje
iklj |φ(z − lxα − jyα, k)〉 .
Therefore
H |φ(z, k)〉 = Fz |φ(z, k)〉
−
∑
lj
tlje
iklj |φ(z − lxα − jyα, k)〉 .
The basis states 〈φ(z′, k′)|φ(z, k)〉 = 2piδz,z′δ(k−k′) form
an orthonormal set and a complete basis for the Hilbert
space on which the Hamiltonian operates.
9Appendix D: Derivation of the Bessel function order
dependence on the spatial coordinates in
Eqs. (36-37)
Let us consider the case of triangular and centered rect-
angular lattices with six nearest neighbor hoppings. The
case of square, rectangular and oblique lattices with four
nearest neighbor hoppings follows straightforwardly by
setting ν(1,−1) = 0, s1,−1 = 0 in Eq. (36). The con-
straints in Eq. (35) can be expanded as follows:
ν(1,0)xα + ν(0,1)yα + ν(1,−1)(xα − yα) = −(z − a),
ν(1,0)1,0 + ν(0,1)0,1 + ν(1,−1)1,−1 = −η.
where a is the band-index which corresponds to different
eigen-energies. Using the relations
τ1yα − τ1xαu+ τ2xα = 1,
1,0 = τ1, 0,1 = uτ1 − τ2, 1,−1 = 1,0 − 0,1,
η =
w − w0(z)
xxα + yyα
=
w − z[τ2y − τ1x− τ1uy]
xxα + yyα
,
n =
xz + wyα
xxα + yyα
, m =
yz − wxα
xxα + yyα
,
we get
ν(0,1) = −zτ1 + ηxα + ν(1,−1) + aτ1
= ν(1,−1) −m+ aτ1;
ν(1,0) = −z(τ2 − τ1u)− ηyα − ν(1,−1) + a(τ2 − τ1u)
= −n− ν(1,−1) + a(τ2 − τ1u).
In the main text we analyzed the a = 0 case only. We
also used the following symmetry properties of the Bessel
functions:
J−ν(−µ) = Jν(µ),
for integer order index ν, and real µ.
Appendix E: Nonexistence of compact localized
eigenstates for Wannier-Stark flatbands
Let us try to construct a compact localized eigenstate
|ΦCLS〉 in position space, assuming existence of a set of
proper superposition coefficients CCLS(k)
|ΦCLS〉 = 1
2pi
∫
k
CCLS(k) |ψ(k)〉 dk
=
1
4pi2
∫
k
∫
q
dqdk CCLS(k)∑
z,η∈Z
ei(qz+kη)gE(q, k) |z, w0(z) + η∆w〉 .
The generating function gE(q, k) is periodic both in k
and q, and hence it can be expanded as a Fourier series
in the variables k and q:
gE(q, k) =
∑
p1,p2∈Z
gp1,p2e
ikp1+iqp2 .
Therefore
|ΦCLS〉 = 1
2pi
∫
k
dk CCLS(k)×∑
p1,p2,η∈Z
eik(η+p1)gp1,p2 |−p2, w0(−p2) + η∆w〉 .
Compactness of the eigenstate in the field direction im-
plies gp1,p2 = 0 except for a finite number of values of p2.
But from the solution Eq. (24) it follows that the gener-
ating function cannot be expressed as finite polynomial
in eiq. Hence a flatband wavefunction cannot be made
compact in the direction of the field.
We will now discuss the possibility for the flatband
wavefunction to be compact in the perpendicular direc-
tion of the field. Since we study lattice eigenvalue prob-
lems, CCLS(k) is a 2pi-periodic function in k:
CCLS(k + 2pi) = CCLS(k)⇒ CCLS(k) =
∑
p3∈Z
Cp3e
ikp3 .
Therefore
|ΦCLS〉 =
∑
p1,p2,p3∈Z
Cp3gp1,p2 |−p2, w0(−p2)− (p1 + p3)∆w〉 .
Compactness in the direction perpendicular to the field
implies that the product Cp3gp1,p2 = 0 except for a finite
number of integer values of the sum (p1 + p3). Simple
inspection of Eq. (24) yields that for any fixed value of
p3 with a corresponding nonzero Cp3 there always exists
an infinite number of p1 values for which gp1,p2 turns
nonzero.
Therefore there exists no function CCLS(k) for which
the flatband eigenfunction turns into a CLS. Moreover,
we proved that the flatband eigenfunctions are necessar-
ily non-compact in all space directions. The proof can be
generalized to higher space dimensions d ≥ 2 by replacing
k with a (d− 1) dimensional vector ~k.
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